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Abstract

Return predictability is usually measured at one horizon, even though prices can adjust

at several speeds. I trace adjacent-return autocovariance from one day to three years

in a 2002–2024 panel of Indian firms traded on both the NSE and BSE. The curve is

small at short horizons, strongly positive over 3–8 months, and negative over 12–36

months. A dynamic permanent–transitory benchmark with one continuation rate and

one reversal rate can cross zero at most once; the full curve therefore counts at least

three economic clocks even when their exact rates are weakly identified. The model

endogenizes the third clock as trend-chasing pressure that later unwinds. Same-firm

venue gaps close within days, whereas the positive return band persists for months and

is strongest where trading is costly and analyst coverage is low. Any account of price

adjustment must therefore accommodate at least three distinct speeds.
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Return predictability changes character with the horizon. A security can reverse over one

interval, continue over another, and reverse again later. Those signs are usually studied

separately. Their ordered path reveals how many adjustment processes shape prices. I call

each distinct adjustment or decay rate a clock. The horizon curve can count them even when

their individual speeds are weakly identified.

Many Indian companies provide an unusual laboratory for that question. They end

each trading day with one price on the National Stock Exchange (NSE) and another on

the Bombay Stock Exchange (BSE). The cash-flow claim is the same; the order books are

not. The BSE–NSE gap reveals how quickly a venue-specific discrepancy disappears. The

return series, traced from one day to three years, reveals how predictability changes with the

horizon. One security provides both a venue clock and a horizon curve.

The horizon curve is the paper’s central object. In the 2002–2024 panel, which contains

5,690 regular sessions and a fixed universe of 1,613 listings across 822 companies, adjacent-

return autocovariance is small at short horizons. It then rises sharply: the normalized 3–8

month band is roughly 10, and every component horizon is positive. At 12–36 months

the curve is negative, with a band estimate of roughly −77. The same medium-positive,

long-negative pattern appears in a 2017–2024 common-universe check and in a symmetric

NSE–BSE diagnostic. Looking at one conventional horizon would miss the anatomy.

That anatomy restricts economic models. A permanent price component that adjusts

gradually creates continuation. A transient liquidity component that decays creates reversal.

Yet a model with one continuation rate and one reversal rate can cross zero at most once,

for any parameter values and even when the underlying shocks are correlated (Proposition

4). The pattern places a lower bound on the number of adjustment rates needed to produce

momentum and reversal.

The missing rate arises from the trading response to delayed interpretation. Public

order flow can contain information before that information is fully reflected in executable

prices. This delayed interpretation creates a medium-horizon trend. Traders enter to exploit
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it, but their own demand produces slow-moving price pressure. When their positions unwind,

the same capital that chased continuation generates long-run reversal. Trend-capital entry

and unwinding generate the third clock endogenously. Medium-horizon momentum and

long-horizon reversal are two stages of one mechanism.

Costly interpretation and trading sustain continuation in equilibrium. Quote setters

choose how often to refresh their interpretation of public order flow. Arbitrageurs enter

when the permanent component recorded in transactions lags the public filter. Free entry

pins the stationary variance of uninterpreted information to 4cAψA, four times execution cost

times attention cost (Theorem 1). The residual continuation is therefore set by the costs of

arbitrage.

Cross-venue staleness would require the BSE–NSE gap to survive for months. In 2.57

million balanced same-firm observations, that gap closes with a pooled half-life of about

2.4 trading days, and the median company closes the gap faster still. A cross-venue price

gap lasts days; the positive return band lasts months. This days-versus-months comparison

bounds cross-venue staleness while allowing the common price to differ from fundamentals.

The cross-section then asks whether the medium clock is largest where the model says

arbitrage should be most expensive. It is. The high-minus-low band is positive across quoted-

spread, price-impact, and illiquidity groups; the price-impact contrast is about 16 normalized

points. Analyst coverage moves in the opposite direction, with a high-minus-low difference

of about −10. These are descriptive mechanism tests, because some proxy histories begin

after 2017, but all four directions line up with costly interpretation.

The paper is closest to work that explains several return horizons within one mechanism.

Hong and Stein (1999), Vayanos and Woolley (2013), and Luo et al. (2021) all connect

continuation to a later correction through, respectively, gradual diffusion and trend trading,

predictable fund flows, and skepticism about others’ information. Jegadeesh et al. (2025)

model the transition from short-term reversal to longer-term momentum using adjacent-

return covariances, while Hendershott et al. (2022) show why multiple attention frequencies
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matter for price dynamics. The distinct question here is topological: what does the full

horizon curve reveal about the minimum number and economic origin of price-adjustment

rates? The same-security venue bound and the free-entry amplitude restriction give that

question empirical content.

Sign changes identify the number of clocks more sharply than their individual speeds.

Long-horizon inference is low-powered: a conservative eight-block calendar test finds no

significant band at the five percent level. Structural rate estimates are also boundary-

sensitive. The empirical sections emphasize the signed profile, predeclared bands, the venue

speed bound, and comparative statics.

I. Prices, Information, and Liquidity

A. From the filter to the tape

Suppose public order flow has already revealed part of the asset’s value while the transaction

price still reflects an earlier interpretation of that flow. The price inferable from public history

then differs from the price on the tape. The model separates those two prices from temporary

liquidity pressure through four objects. The asset has terminal value V , and time is either

discrete, t = 0, 1, 2, . . ., or continuous, t ∈ [0, T ]:

1. Nt: the instantaneous Bayesian efficient price, equal to the order-flow filter E[V | FY
t ];

2. Mt: the measured permanent component of the transaction price, common to market

participants, which may adjust toward Nt with delay;

3. Lt: the transient liquidity component, possibly with several subcomponents;

4. Pt =Mt + Lt: the observed transaction price.

The gap Nt −Mt is the stock of information that is inferable from public order flow but not

yet incorporated in the measured permanent price. It is zero in the instantaneous rational-

expectations benchmark. When interpretation takes time, Mt approaches Nt at a finite rate;

Section II derives that rate from a costly refresh decision.
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The decomposition maps directly into adjacent-return covariance. Gradual changes in

Mt generate positive covariance between adjacent returns: information continues to enter

the tape. Changes in Lt generate negative covariance: temporary price pressure reverses. At

any horizon, the dominant force determines the sign of return predictability.

Permanent and transitory impact are jointly determined in the equilibrium foundations

of Appendix A. In the one-period Kyle economy of Proposition 7, greater temporary price

impact reduces informed trading, makes order flow less informative, and changes permanent

impact. Proposition 8 gives the same joint determination in continuous time. Orthogonality

provides a tractable benchmark for the covariance algebra.

B. The frictionless filtering benchmark

Let the terminal value satisfy V ∼ N(0,Σ0). Noise order flow is Brownian: dUt = σu dBt.

The informed trader chooses a trading rate qt, so total order flow is

dYt = qt dt+ σu dBt. (1)

Market makers observe FY
t = σ(Ys : s ≤ t). The instantaneous Bayesian efficient price is

Nt = E[V | FY
t ], with conditional variance Σt = Var(V | FY

t ). Conjecture a linear informed

trading rule qt = βt(V − Nt). Because E[V − Nt | FY
t ] = 0, total order flow is already the

public innovation process.

Lemma 1 (Continuous-time permanent impact). Given the linear trading rule, the perma-

nent price-impact coefficient is the filtering coefficient zt = βtΣt/σ
2
u, so that dNt = zt dYt,

and the conditional variance evolves according to Σ̇t = −z2t σ2
u.

In the Kyle–Back economy, market depth is constant, zt ≡ z =
√
Σ0/(σu

√
T ), with

Σt = Σ0(1 − t/T ). All information is incorporated by T . But Nt is a martingale, so

Cov(Nt+h −Nt, Nt+2h −Nt+h) = 0. Instantaneous Bayesian price discovery cannot generate

momentum by itself. The parameter σN = ztσu measures the local information-flow intensity.

Temporary impact ctqt is the cost faced by an informed trader inside the trading prob-

lem. The transient state Lt is the temporary component observed in transaction prices,
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arising from liquidity provision, inventory compensation, and order-processing costs. The

autocovariance analysis treats σN , ν, σL, and κ as local structural coefficients generated by

the trading, attention, and liquidity environment. Appendix A gives equilibrium content to

σN = ztσu. Once Nt is a martingale, continuation requires Mt to lag behind it. The gap is

public, however, and therefore invites a trade. What prevents that trade from erasing the

delay?

II. The Price of Interpretation

If attention and execution were free, arbitrage would close the gap immediately. Quote

setters instead choose how often to recompute the public filter, while arbitrageurs decide

whether the remaining information gap justifies the attention and execution costs required

to trade it. Over the horizons studied, the filtered efficient price has constant innovation

intensity under Assumption 2, dNt = σN dW
N
t .

A. Why quotes remain stale

A quote setter can observe order flow without continuously solving the inference problem

hidden inside it. A continuum of setters i ∈ [0, 1] posts permanent quote components mi,t.

Setter i observes the public order-flow history but computes the filter Nt only at refresh

times, which arrive at a chosen Poisson rate νi; computing at rate νi costs ψνi per unit

time, with ψ > 0. Upon refresh, the setter resets mi,t = Nt; between refreshes the quote

is unchanged. Stale quotes are picked off: traders who track Nt trade against setter i with

intensity proportional to the mispricing, generating an expected loss flow φE[(Nt −mi,t)
2]

with picking-off intensity φ > 0. Section II.B endogenizes the pickers; here φ is a primitive.

Lemma 2 (Stationary staleness). If setter i refreshes at Poisson rate νi, independent of

WN , the stationary expected squared staleness is E[(Nt −mi,t)
2] = σ2

N/νi.

Proposition 1 (Equilibrium attention). Each setter minimizes φσ2
N/νi+ψνi. The optimum

is unique and symmetric:

ν∗ = σN
√
φ/ψ, (2)
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increasing in information intensity and picking-off risk and decreasing in attention cost. The

implied stationary variance of the uninterpreted stock is σ2
N/(2ν

∗) = 1
2
σN

√
ψ/φ.

Lemma 3 (Aggregation). Let Mt =
∫ 1

0
mi,t di. If all setters refresh at rate ν, then dMt =

ν(Nt −Mt) dt.

The first implication is a hump. When interpretation is nearly free, ψ → 0 and ν∗ → ∞:

quotes track the filter and continuation vanishes. When interpretation is prohibitively costly,

ν∗ → 0: almost nothing enters the permanent price within the horizon, so continuation again

vanishes. Momentum is largest between those extremes.

The second implication is about matching a speed to a horizon. For a fixed h, the

delayed-information covariance derived in Section III is maximized at νh ≈ 1.256, the unique

root of 2xe−x = 1− e−x. The same economy can therefore look efficient at one horizon and

predictable at another. Momentum is strongest where the interpretation clock resonates

with the return horizon.

B. Arbitrage and the information gap

Stale quotes are profitable to trade against because the information gap they create is public.

Traders who compute it accelerate updating, so entry, attention, and execution costs jointly

determine how much remains. The stock of unincorporated information,

Ht = Nt −Mt, (3)

is a functional of the public order-flow history. Public, predictable arbitrage flow is filtered

out of the innovation process, while free entry determines the variance of Ht.

Formally, let arbitrageurs submit an aggregate flow at adapted to FY
t , so total order

flow is dYt = qt dt+ at dt+ σu dBt.

Lemma 4 (Filtering invariance under arbitrage flow). For any publicly observed, FY -

predictable arbitrage flow at satisfying the usual integrability and pathwise-uniqueness condi-

tions, the innovation process dIt = dYt − E[qt + at | FY
t ] dt = dYt − at dt is unchanged, and
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so are Nt, zt, and Σt. Arbitrage flow moves measured prices; the efficient price and the speed

of learning about V are unchanged.

Arbitrage flow moves measured prices: executions against stale quotes force the exe-

cuted setters to update, so arbitrage pressure passes through to the measured permanent

component.

Assumption 1 (Pass-through of arbitrage flow). The measured permanent component obeys

dMt = ν0(Nt−Mt) dt+ ζat dt, where ν0 is the autonomous refresh speed of Proposition 1 and

ζ ∈ (0, 1] is the fraction of arbitrage executions that trigger an update of the executed quote.

A continuum of identical risk-neutral arbitrageurs may enter. An entrant pays attention

cost ψA per unit time to track Nt, and trading at rate a against the measured price incurs

quadratic execution costs, so the flow objective is maxa a(Nt−Mt)−cAa2 = maxa aHt−cAa2,

with cA > 0. Individual optimality gives a = Ht/(2cA) and flow rents H2
t /(4cA); with entrant

mass A, aggregate flow is at = γHt with γ = A/(2cA), so by Assumption 1 the effective

interpretation speed is ν = ν0 + ζγ.

Proposition 2 (Free entry into information-gap arbitrage). Suppose σ2
N > 8cAψAν0. Then

the free-entry equilibrium has positive arbitrage mass A∗ =
(
σ2
N −8cAψAν0

)
/(4ψAζ), effective

interpretation speed

ν =
σ2
N

8cAψA

, (4)

and stationary variance of the information gap Var(Ht) = σ2
N/(2ν) = 4cAψA. If σ2

N ≤

8cAψAν0, no arbitrageur enters and ν = ν0, Var(Ht) = σ2
N/(2ν0).

Theorem 1 (Equilibrium momentum bound). In the entry region of Proposition 2, the

delayed-information continuation component of Section III satisfies, for every horizon h > 0,

CI
h = Var(Ht)

(
1− e−νh

)2 ≤ 4cAψA, (5)

with the bound approached as h → ∞. Under the benchmark orthogonality of Section

III, adjacent-return autocovariance therefore satisfies Cov(∆hPt,∆hPt+h) ≤ 4cAψA at every
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horizon. As cA → 0 or ψA → 0, ν → ∞, the measured price converges to the filter, and

continuation vanishes: the model recovers the martingale benchmark.

Corollary 1 (Amplitude-horizon separation). In the entry region, the asymptotic amplitude

of the continuation component, Var(Ht) = 4cAψA, does not depend on the information-

flow intensity σN ; σN governs only the speed ν = σ2
N/(8cAψA) at which the amplitude is

approached. Two assets with equal trading costs but different information intensities display

equally sized continuation at long horizons, reached at different horizons.

The bound gives the continuation a price. Arbitrage proceeds until the marginal en-

trant’s expected rents cover both attention and execution costs. The cost product cAψA pins

the amplitude; if either cost disappears, so does continuation. Corollary 1 then separates

two empirical roles. Costs determine how much continuation can remain, while information

flow determines where it appears on the horizon curve. The remaining question is how often

that continuation can exchange dominance with temporary liquidity reversal as the horizon

grows.

III. What Two Clocks Can Explain

The two-clock benchmark places one adjustment rate on each side of this contest: gradual

permanent information against decaying liquidity pressure. Their relative magnitudes may

reverse as the horizon changes. Can they reverse more than once?

A. Clock 1: delayed permanent information

Let Mt be the permanent component that enters observed returns. By Lemma 3 and Propo-

sition 2, it adjusts toward the instantaneous Bayesian efficient price Nt at the equilibrium

speed ν > 0:

dMt = ν(Nt −Mt) dt. (6)

With Ht = Nt −Mt and locally constant filtering intensity dNt = σN dW
N
t ,

dHt = σN dW
N
t − νHt dt. (7)
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Assumption 2 (Stationary local reduction). The autocovariance analysis is local and ex-

cludes horizons near terminal revelation. Over the return horizons under study, σN , ν,

σL, and κ are constant reduced-form equilibrium coefficients, and all transient states are

initialized in their stationary distributions.

The stationary variance is Var(Ht) = σ2
N/(2ν), which Proposition 2 equates to 4cAψA

in the entry region.

Lemma 5 (Delayed permanent continuation). For horizon h > 0,

Cov(Mt+h −Mt, Mt+2h −Mt+h) =
σ2
N

2ν
(1− e−νh)2. (8)

B. Clock 2: transient liquidity pressure

Let Lt be a transient liquidity state,

dLt = −κLt dt+ σL dW
L
t , (9)

with κ > 0 and Var(Lt) = σ2
L/(2κ).

Lemma 6 (Transient liquidity reversal). For horizon h > 0,

Cov(Lt+h − Lt, Lt+2h − Lt+h) = −σ
2
L

2κ
(1− e−κh)2. (10)

C. The two-clock horizon curve

The observed transaction price is Pt =Mt+Lt, and horizon-h returns are ∆hPt = Pt+h−Pt.

Assumption 3 (Benchmark orthogonality). The stationary permanent-backlog process Ht

and the stationary transient liquidity process Lt are independent.

Theorem 2 (Price-impact composition and return autocovariance). Under Assumptions 2

and 3, the adjacent horizon-h return autocovariance is

Cov(∆hPt,∆hPt+h) =
σ2
N

2ν
(1− e−νh)2 − σ2

L

2κ
(1− e−κh)2. (11)

Return continuation obtains if and only if the delayed permanent information component

exceeds the transient liquidity component.
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Figure 1. Model-implied horizon curves in the two-clock benchmark. The figure plots
C(h) =

σ2
N
2ν (1− e−νh)2 − σ2

L
2κ (1− e−κh)2 from Theorem 2 for three illustrative parameter sets. The

figure is illustrative and uses no data.

Corollary 2 (Sign surface). If σ2
L > 0, then

Cov(∆hPt,∆hPt+h) > 0 ⇐⇒ σ2
N

σ2
L

>
ν

κ

(
1− e−κh

1− e−νh

)2

. (12)

The sign condition compares two economic quantities: information power relative to

liquidity power, and a threshold that changes with the two speeds and the horizon. Propo-

sition 2 makes both sides equilibrium objects. The limiting cases give the intuition. If

ν → ∞, information is incorporated immediately and the continuation term disappears. If

ν → 0, almost no permanent information enters within the horizon and continuation again

disappears. Predictability is largest between those extremes.

The horizon itself changes the contest. At short horizons the covariance is approximately
1
2
(σ2

Nν − σ2
Lκ)h

2; at long horizons it approaches σ2
N/(2ν) − σ2

L/(2κ). Thus the same asset

can reverse at one horizon and continue at another. A single-horizon momentum statistic

obscures the variation that distinguishes the mechanisms.

Figure 1 shows the possibilities. Depending on the relative power and speed of informa-

tion and liquidity, the two-clock economy produces continuation, reversal, or one transition

between them. Appendix Figure A1 plots the corresponding threshold r∗(h).
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D. The restriction under correlated shocks

Orthogonality provides the benchmark. Allowing correlated shocks tests whether the single-

crossing result survives the joint determination of permanent and transitory impact.

Assumption 4 (Correlated shocks). The Brownian motions driving Ht and Lt have constant

instantaneous correlation ρ ∈ [−1, 1]: d⟨WN ,WL⟩t = ρ dt.

Lemma 7 (Cross-covariances). Under Assumptions 2 and 4, ΓHL(0) ≡ Cov(Ht, Lt) =

ρσNσL/(ν + κ), and for s ≥ 0, Cov(Ht, Lt+s) = ΓHL(0)e
−κs, Cov(Lt, Ht+s) = ΓHL(0)e

−νs.

Proposition 3 (General price-impact composition). Under Assumptions 2 and 4,

Cov(∆hPt,∆hPt+h) = (1− e−νh)2
[
σ2
N

2ν
+ ΓHL(0)

]
− (1− e−κh)2

[
σ2
L

2κ
+ ΓHL(0)

ν

κ

]
. (13)

Setting ρ = 0 recovers Theorem 2 exactly.

Remark 1 (Local effect of correlation). Differentiating the implied sign threshold with respect

to ρ at ρ = 0 gives 2κσN(σ
2
L − σ2

N)/
(
(ν + κ)σ3

L

)
. A small positive correlation pushes the

boundary toward continuation when transient variance dominates and toward reversal when

information variance dominates; correlated information and liquidity consumption has no

fixed directional effect on the sign of predictability.

E. The counting restriction

Both the orthogonal and correlated economies reduce to the same functional form. The

horizon curves in Theorem 2 and Proposition 3 can be written as f(h) = A(1 − e−νh)2 −

B(1− e−κh)2 with A,B > 0 constant in h.

Proposition 4 (Single crossing). Let A,B > 0 and ν, κ > 0 with ν ̸= κ. Then f(h) =

A(1− e−νh)2 − B(1− e−κh)2 has at most one zero on (0,∞).

Corollary 3 (The two-clock restriction). Under Theorem 2, and under Proposition 3 when-

ever the liquidity coefficient in (13) is positive, the return-autocovariance curve changes sign
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at most once. Thus a reversal–continuation–reversal curve requires another adjustment rate

for all values of σN , ν, σL, κ and ρ.

The single-crossing result has a sharp implication. A large literature documents rever-

sal at very short horizons (Lehmann, 1990; Jegadeesh, 1990), momentum at intermediate

horizons (Jegadeesh and Titman, 1993), and reversal over multi-year horizons (De Bondt

and Thaler, 1985). A two-clock model can match pieces of that sequence. The full path

leaves one structural timescale unaccounted for.

Remark 2 (Discrete-time special case). The familiar discrete-time boundary is the one-

period analogue of Theorem 2. If a private signal shock st enters the measured permanent

component over two periods, ∆Mt = Kµst + εt and ∆Mt+1 = K(1 − µ)st + εt+1, and the

transitory component is ℓt = Aut with ut i.i.d., then Cov(Rt, Rt+1) = τsµ(1−µ)−A2σ2
u with

τs = K2 Var(st). The hump in informed participation µ is the discrete shadow of the hump

in interpretation speed, and Proposition 1 supplies its equilibrium version: the hump in the

attention cost ψ.

IV. How Momentum Creates a Third Clock

A third exponential is easy to add. The harder question is what economic state could persist

at that rate and why it should appear in equilibrium. Trend capital supplies both answers.

A. Why a third rate is necessary

Let the transient component be a sum of K ≥ 1 mutually independent transient factors,

Lt =
∑K

k=1 Lk,t, each Ornstein-Uhlenbeck with decay κk and intensity σL,k, independent of

Ht. Then

Cov(∆hPt,∆hPt+h) =
σ2
N

2ν
(1− e−νh)2 −

K∑
k=1

σ2
L,k

2κk
(1− e−κkh)2, (14)

With K = 2, the curve can change sign twice. For example, ν = 0.5, A = 1.4, κ1 = 4,

B1 = 0.15, κ2 = 0.1, B2 = 2 yields sign pattern negative-positive-negative with roots

h1 ≈ 0.79 and h2 ≈ 15.6. A third timescale is therefore both necessary, by Proposition 4,
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and sufficient for the reversal–momentum–reversal sequence.

Finite-speed interpretation creates a trend worth chasing. Trend-capital entry turns

the resulting trading pressure into the slow state.

B. Trend capital and slow unwinding

Trend-chasers use a coarse price signal. A mass g ≥ 0 holds a per-unit-mass position equal

to an exponentially weighted moving average st of past price changes,

dst = ω0 (dPt − st dt) , (15)

with lookback rate ω0 > 0. Positions build after a price rise and decay at rate ω0 when

the trend stalls. These traders do not observe Nt, Mt, or Ht; the moving average st is

their entire information set. That coarseness makes the strategy cheap to run, but it also

makes its capital slow to exit. Their aggregate flow g dst is absorbed by slow-moving liquidity

providers who charge a price concession proportional to the inventory they carry, as in models

of slow-moving capital: the resulting transient price component is

L2,t = η g st ≡ p st, p ≡ ηg ≥ 0, (16)

where η > 0 is the inventory-pressure coefficient. The transaction price is now Pt = Mt +

Lt + p st. By Lemma 4, this publicly predictable flow leaves Nt, zt, and Σt unchanged. The

third clock is a measured-price state; the Bayesian value process remains unchanged.

The signal chases the price, and the price contains the signal’s own pressure. That

feedback sounds nonlinear economically but resolves linearly in the state system.

Lemma 8 (Feedback reduction). Suppose ω0p < 1. Then (15) with Pt = Mt + Lt + p st is

equivalent to

dst = ω (dMt + dLt)− ω st dt, ω ≡ ω0

1− ω0p
, (17)

so the effective trend rate ω exceeds the lookback rate ω0 and increases in the trend-chasing

mass. If ω0p ≥ 1, no stationary linear equilibrium exists.
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Write st = sMt +sLt , separating the part of the trend signal loaded on permanent returns

from the part loaded on temporary pressure. The distinction will determine whether trend-

following earns or loses. All second moments are exponential mixtures; the following lemma

collects the terms needed for the horizon curve, with d ≥ 0 throughout.

Lemma 9 (Cascade covariance functions). Under Assumption 2, Assumption 3, and (17),

with ω /∈ {ν, κ}:

Cov(sMt , Ht+d) =
ωσ2

N

2(ν + ω)
e−νd, Cov(sLt , Lt+d) =

ωσ2
L

2(κ+ ω)
e−κd, (18)

Cov(Ht, s
M
t+d) =

ωσ2
N

[
2νe−ωd − (ν + ω)e−νd

]
2(ν − ω)(ν + ω)

, Cov(sMt , s
M
t+d) =

νωσ2
N

[
νe−ωd − ωe−νd

]
2(ν2 − ω2)

,

(19)

Cov(Lt, s
L
t+d) =

ωσ2
L

[
(κ+ ω)e−κd − 2ωe−ωd

]
2(κ− ω)(κ+ ω)

, Cov(sLt , s
L
t+d) =

ω2σ2
L

[
κe−κd − ωe−ωd

]
2(κ2 − ω2)

.

(20)

In particular E[stHt] = ωσ2
N/(2(ν + ω)) > 0 and E[stLt] = ωσ2

L/(2(κ + ω)) > 0: the trend

position loads positively on uninterpreted information and positively on transient liquidity

pressure. The first loading is the source of trend-following profits; the second is the source

of trend-following losses.

The feedback economy has a three-term horizon representation, with one squared-

exponential term for each economic clock.

Theorem 3 (Three-clock representation). Under the assumptions of Lemma 9, the adjacent

horizon-h return autocovariance of Pt =Mt + Lt + p st is exactly

C(h) = Wν

(
1− e−νh

)2
+Wω

(
1− e−ωh

)2
+Wκ

(
1− e−κh

)2
, (21)
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with weights

Wν = σ2
N

ν2(1 + ωp)2 − ω2

2ν (ν2 − ω2)
, (22)

Wω = − p (2 + ωp)

2

[
ν2σ2

N

ν2 − ω2
− ω2σ2

L

κ2 − ω2

]
, (23)

Wκ = − σ2
L

κ2(1 + ωp)2 − ω2

2κ (κ2 − ω2)
. (24)

At p = 0 the weights reduce to Wν = σ2
N/(2ν), Wω = 0, Wκ = −σ2

L/(2κ), recovering Theorem

2 exactly.

The effective trend speed ω is the third rate and measures how quickly trend capi-

tal unwinds. The weight on that clock, Wω, is negative if and only if ν2σ2
N/(ν

2 − ω2) >

ω2σ2
L/(κ

2 − ω2), the condition under which the signal’s information component dominates

its bounce-noise exposure. In that region, trend-chasing converts continuation into slow re-

versal. All three weights depend on the same six primitives (σN , σL, ν, κ, ω, p) and obey the

cross-equation restrictions developed in Section V.

Corollary 4 (Long-run plateau). limh→∞C(h) = Wν+Wω+Wκ =
σ2
N

2ν
− σ2

L

2κ
−p

[
νσ2

N

ν+ω
+

ωσ2
L

κ+ω

]
−

p2
[

νωσ2
N

2(ν+ω)
+

ω2σ2
L

2(κ+ω)

]
. For fixed rates, the plateau is strictly decreasing in the trend-chasing

pressure p: any positive mass of trend-chasers strictly deepens long-run reversal, at first

order in mass.

Remark 3 (Ultra-short horizons). As h→ 0, ∂C(h)/∂p
∣∣
p=0

= h2ω
[
ν2σ2

N

ν+ω
− σ2

L(κ
2+κω+ω2)

κ+ω

]
+

O(h3). When bounce noise is fast and sizable, the bracket is negative: trend-chasers, who

cannot distinguish bounce from information, chase the bounce and deepen very-short-horizon

reversal as well. The same friction that lets them survive (coarse information) makes them

amplify both ends of the curve.

Proposition 5 (Endogenous reversal-momentum-reversal). There exist parameters with

p > 0 for which C(h) in (21) changes sign exactly twice on (0,∞), with pattern negative-

positive-negative, while the same parameters with p = 0 produce a single crossing. One
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Figure 2. The endogenous third clock. The figure plots the three-clock representation (21) for
ν = 0.5, κ = 4, ω = 0.12, σN = 1, σL = 0.9 (Proposition 5). With trend-chasing pressure p = 1.2
(solid), the curve is negative below h1 ≈ 0.75, positive between h1 and h2 ≈ 22.9, and negative
beyond: short-run reversal, intermediate momentum, long-run reversal. With p = 0 (dashed), the
same economy single-crosses and continuation persists at all long horizons. Vertical dotted lines
mark h1 and h2. The figure is illustrative and uses no data.

such parameterization is ν = 0.5, κ = 4, ω = 0.12, σN = 1, σL = 0.9, p = 1.2, for which

(Wν ,Wω,Wκ) ≈ (1.3276,−1.3641,−0.1325), the crossings are h1 ≈ 0.75 and h2 ≈ 22.9, and

the long-run plateau is ≈ −0.169; at p = 0 the curve crosses once and the plateau is +0.899.

Figure 2 shows the three rates at work. The fast clock κ captures order-processing

and inventory pressure in the sense of Roll (1984); it produces reversal below h1. The

interpretation clock ν dominates between h1 and h2, producing continuation. The slow

trend clock ω then takes over. Because the trend signal loads mainly on information at these

parameters, its weight is negative: positions accumulated during the momentum region

unwind and pull the measured price back. Long-run reversal is the equilibrium shadow cast

by intermediate momentum.

C. Who chooses the trend-chasing mass?

For the slow state to appear in equilibrium, trend followers must find entry profitable. A

trend-chaser’s expected flow profit is π(ω) = ω
[
νσ2

N/2(ω + ν)− κσ2
L/2(ω + κ)

]
(Proposition

9). The position earns when it follows uninterpreted information and loses when it follows
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bounce. Profit rises while faster chasing loads more heavily on delayed information, peaks,

and falls once bounce dominates. With a participation cost, free entry selects a stable interior

mass in the regime plotted in Figure 2. Trend-chasers earn positive net profits there even as

their aggregate pressure produces the later reversal.

When the information component is strong enough, entry becomes a strategic comple-

mentarity and moves the economy toward the fragility bound in Lemma 8, providing the

model’s connection to crash-prone momentum (Daniel and Moskowitz, 2016). The entry

margin lies outside the empirical tests; Appendix A contains the formal proposition, profit

figure, and crash interpretation.

D. What ties the three clocks together

The three exponentials share the same primitives. The information and liquidity processes

that create the trend signal also determine the profitability of chasing it. The interpretation

rate ν = σ2
N/(8cAψA) and the amplitude bound 4cAψA share the same execution and atten-

tion costs. The trend rate ω is the unwinding speed of trend capital; its weight Wω depends

on p(2 + ωp) and on the information and liquidity clocks it chases. The bounce parameters

(κ, σL) determine both Wκ and, through trend-following losses, the equilibrium mass p.

Changing one clock generally changes the incentives and weights of the others. These

shared primitives impose cross-equation restrictions on the three-exponential representation.

V. What the Curve Identifies: Counting before Timing

Two crossings already reveal that two rates are insufficient. Recovering the three rates

themselves is harder: nearby exponentials can produce almost the same finite-sample curve.

This difference separates counting from timing. Under regularity conditions, a smooth curve

identifies three rates, three weights, and the underlying primitives; its sign changes require

less structure. Both inferences use sample autocovariances at a grid of horizons.
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A. What the horizon curve identifies

Proposition 6 (What return autocovariances identify). Suppose the adjacent autocovariance

curve satisfies (21) on an open interval of horizons, with distinct positive rates, no rate equal

to twice another, and nonzero weights.

1. The three rates and three weights are uniquely determined by the curve. In the reversal-

momentum-reversal regime, the labels are determined by the signs: the positive-weight

rate is ν, and the smaller and larger negative-weight rates are ω and κ.

2. Suppose in addition that ω < ν < κ. Define, for x ≥ 1,

Φ(x) = Wω +
x− 1

2ω

[
2ν3Wν

ν2x− ω2
+

2κω2Wκ

κ2x− ω2

]
. (25)

If Wν/|Wκ| ≥ νω2(κ2 − ω2)/
(
κ3(ν2 − ω2)

)
, then Φ is strictly increasing on [1,∞) and

has the unique root x∗ = (1 + ωp)2, and the primitives are recovered in closed form:

p =

√
x∗ − 1

ω
, σ2

N =
2ν(ν2 − ω2)Wν

ν2x∗ − ω2
, σ2

L = −2κ(κ2 − ω2)Wκ

κ2x∗ − ω2
. (26)

3. In the entry region of Proposition 2, the product of execution and attention costs is

identified from returns alone: cAψA = σ2
N/(8ν).

Proposition 6 establishes population identification. In this panel, however, the fitted

rates lie near the parameter boundary. The empirical analysis relies on the predeclared band

signs, the same-firm venue speed bound, and the friction and attention comparative statics.

Appendix D documents the boundary behavior.

B. Monte Carlo lessons

The Monte Carlo illustrates the gap between clock counting and clock timing. Appendix

C simulates the parameterization of Proposition 5 for a single asset and for pooled panels

of 100 and 500 assets, with 204 replications per design and forty years of approximately

daily prices (Table AI, Figure A3). A single series recovers only the fast rate and the first

crossing. Pooling recovers the interpretation and liquidity rates, their variance intensities,
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and the cost product cAψA much more tightly. The slow clock remains difficult: even with

500 assets, ω, Wω, and the second crossing have wide intervals, and only 68% of replications

detect both crossings. The simulation predicts where the empirical claims should be modest:

the second crossing is the hardest feature to locate.

C. Predictions taken to the data

The theory reaches the data through four predictions.

1. Counting. By Proposition 4 and Corollary 3, a model with one continuation speed and

one reversal speed produces at most one sign change in the horizon curve, whatever its

parameters and whatever the shock correlation. More than one crossing counts at least

three components.

2. Amplitude. Theorem 1 bounds continuation by 4cAψA. In the cross-section, the mo-

mentum region should strengthen with execution-cost proxies, such as spreads, price

impact, and illiquidity, and with attention-cost proxies such as inverse analyst coverage.

Amplitudes far above any plausible cost product would reject the interpretation channel

outright.

3. Separation. By Corollary 1, information intensity governs the horizon at which contin-

uation peaks, while trading and attention costs govern its asymptotic size.

4. Long reversal. The endogenous trend-chasing clock turns medium-horizon continuation

into a later reversal. The empirical implication is a positive 3–8 month band followed

by a negative 12–36 month band.

VI. Two Prices for One Firm

Before attaching the medium clock to delayed interpretation, the same-firm design confronts

a simpler possibility: the horizon pattern may inherit stale prices from two venues. That

account requires the NSE–BSE gap itself to survive on a monthly horizon. Many Indian
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Table I. Main empirical sample. The table reports the panel and estimand used in the main
empirical tables. A listing is a company–venue security. Symmetric cross-venue rows retain com-
panies with one eligible NSE listing and one eligible BSE listing.

Regular sessions 5,690
Eligible listings 1,613
Eligible companies 822
Symmetric NSE–BSE company pairs 791
Minimum price screen INR 20
Drift buffer around target 21 sessions
Predeclared horizons 1, 2, 3, 5, 10, 16, 21, 32, 42, 63, 84, 126, 168, 210, 252,

378, 504, 630, 756

companies reveal that persistence directly. Their cash-flow claim is the same, while their

order books and closing prices are venue-specific.

A. Data and estimand

The core sample is a quality-deduplicated same-firm panel from 2002 through 2024; the

replication archive records the input-file checksums. The common regular-session calendar

contains 5,690 sessions, and the fixed eligibility universe contains 1,613 listings across 822

companies. Returns are raw daily log returns. A return enters only when the immediately

preceding declared-session close is at least INR 20. Missing returns are never imputed; sparse

excluded-session returns are folded into the next included return when available.

The estimator preserves calendar time. For each horizon h, it forms two adjacent,

complete h-session blocks. If a return is missing or fails a screen, the target is invalid;

the procedure never joins observations across the gap and calls them consecutive. Drift is

estimated from two calendar blocks outside the target, separated by a 21-session buffer, and

the left and right assignments are symmetrized. The listing-level covariance is normalized

by daily return variance. Predeclared horizons are first averaged within a listing and only

then across listings or companies. Table I summarizes the design.
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B. A same-firm speed bound

The required persistence is absent. Across 2.57 million balanced same-firm observations, the

pooled daily AR(1) coefficient of the BSE–NSE log-price gap is 0.749, implying a half-life of

2.40 trading days. The median company coefficient is only 0.078. Mechanical disagreement

between the two order books disappears far too quickly to account for a positive return band

that persists for 3–8 months.

VII. The Horizon Curve in the Data

Venue disagreement disappears in days. Figure 3 follows the return curve on its own scale,

from one day to three years. No structural fit enters the plot.
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Figure 3. The empirical horizon curve. The figure plots the equal-listing mean of adjacent-
return autocovariance at each of 19 predeclared horizons in the 2002–2024 panel, normalized by each
listing’s daily return variance. The horizontal axis is logarithmic so that days, months, and years
remain visible on one scale. Filled markers denote horizons with at least eight effective calendar
blocks; open markers denote longer horizons for which calendar inference is descriptive. The line
connects model-free point estimates and is not a structural fit.
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Table II. Horizon bands. Bands are arithmetic means of the predeclared horizons within listing.
The normalized scale divides each listing’s covariance by its daily return variance. Calendar HAC
and company cluster columns are one-way diagnostics for the same point estimate. The long band
has too few independent calendar blocks for calendar-time inference.

Band Horizons Mean raw Norm. Listings Effective blocks

Micro 1,2,3,5,10 0.000065 0.068 1,613 90.30
Transition 16,21,32,42 0.000067 0.039 1,613 44.56
Medium clock 63,84,126,168 0.008909 10.115 1,612 14.68
Long reversal 252,378,504,630,756 -0.050516 -76.519 1,131 3.34

Table III. Common-universe and cross-venue robustness. The table reports normalized
band estimates. The fixed early top-500 row uses the same company identifiers selected for the
pre-2017 backfill. The expanded late row uses every company with a late-period primary moment.
The cross-venue row symmetrizes NSE-left/BSE-right and BSE-left/NSE-right.

Design Micro 3–8m 12–36m

2017–2024 fixed early top-500 0.070 13.401 -157.537
2017–2024 expanded late universe 0.057 13.005 -168.651
Symmetric NSE–BSE diagnostic 0.077 7.979 -137.344

A. From days to years

Table II traces the ordered profile. The short bands are close to zero, the 3–8 month band is

economically large and positive, and the 12–36 month band is negative. Inference becomes

less precise as the number of independent long-horizon blocks shrinks.

The normalized estimate rises from 2.513 at 63 sessions to 17.936 at 168 sessions, with

positive values at 84 and 126 sessions in between. Every reported horizon in the long region

is negative, from −14.049 at 252 sessions to values between roughly −74 and −117 thereafter.

The model-free moments alone trace the curve.

B. Does the pattern depend on the universe or venue?

Two sample features could produce the shape spuriously: the universe expands after 2017,

and one exchange could dominate the common price. Neither does. In the 2017–2024 period,

the fixed early universe and the expanded late universe produce the same medium-positive,

long-negative ordering. A symmetric cross-venue diagnostic, which pairs one eligible NSE

listing with one eligible BSE listing for each company, does so as well.
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Table IV. Friction, attention, and the 3–8 month band. Entries are high-minus-low differ-
ences in the normalized 3–8 month band. Equal-company rows first collapse the outcome and proxy
to company level. Positive spread, impact, and illiquidity effects mean stronger medium-clock con-
tinuation in higher-friction names. The negative analyst-count effect means weaker continuation
where attention is higher.

Proxy Equal listing 95% CI Equal company 95% CI

Quoted spread cost 4.787 [0.268, 9.306] 8.240 [1.783, 14.697]
Price-impact cost 16.021 [9.825, 22.217] 17.743 [11.112, 24.374]
Illiquidity 5.132 [0.452, 9.812] 9.958 [3.266, 16.650]
Analyst count -9.917 [-15.568, -4.267] -9.896 [-15.574, -4.218]

The remaining concern is calendar-time dependence. The exact-block audit partitions

the common calendar into eight long blocks, calibrates size under simulated panels with the

actual support masks, and selects the Ibragimov–Mueller group-t rule using simulated null

size. With only eight blocks, none of the bands is significant at the five percent level. The

low power at long horizons defines the claim boundary, while the point estimates agree with

the main estimates.

VIII. Friction, Attention, and the Medium Clock

The curve has counted a medium clock. The mechanism now makes a harder cross-sectional

prediction. Medium-horizon continuation should be larger when trading against the price-

information gap is expensive and smaller when public information is easier to process. Quoted

spreads, price impact, illiquidity, and analyst coverage provide four comparisons.

Each proxy is collapsed to a listing median and sorted without splitting tied values.

Standard errors cluster listings by company and condition on the estimated return moments.

The estimates are descriptive; mapping them into structural costs would require additional

identification.

All four comparisons point in the predicted direction. The medium clock is larger among

stocks with wider quoted spreads, greater price impact, and higher illiquidity. Analyst count

moves the other way, as an attention proxy should. The largest contrast is price impact:

high-impact listings have a 3–8 month band about 16 normalized points above low-impact
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listings, and the equal-company difference is 17.7. Together, the trading-cost and attention

comparisons support the same mechanism.

Some proxy histories begin in 2017, so the estimates remain descriptive despite the

stable signs in a common-window sensitivity. The weak monthly-momentum bridge and

exploratory event study carry no identifying weight.

IX. Relation to the Literature

Four literatures meet here: horizon-dependent predictability, filtering of order flow, tempo-

rary price pressure, and feedback trading. Their different adjustment speeds jointly restrict

the shape of the horizon curve.

A. Momentum, reversal, and the horizon dimension

The empirical ingredients are well established but usually measured separately. Jegadeesh

(1990) and Lehmann (1990) document short-horizon reversal, Jegadeesh and Titman (1993)

establish intermediate-horizon momentum, and De Bondt and Thaler (1985) document long-

horizon reversal. Lee and Swaminathan (2000) show that trading volume predicts both the

magnitude and persistence of momentum and the timing of its later reversal. More recent

work makes horizons explicit: Medhat and Schmeling (2022) show that the one-month sign

varies with turnover, Dai et al. (2024) separate the magnitude and persistence of liquidity-

provision reversals, and Jegadeesh et al. (2025) model and test the transition from short

reversal to longer momentum using adjacent-return covariances.

Several theories already connect continuation and correction. Daniel, Hirshleifer, and

Subrahmanyam (1998) obtain continuing overreaction and eventual reversal from overconfi-

dence and self-attribution. Hong and Stein (1999) show how gradual information diffusion

creates an opportunity that simple momentum traders amplify into overshooting. Vayanos

and Woolley (2013) generate momentum and reversal through inertial fund flows, and Luo

et al. (2021) generate both from investors’ skepticism about information produced by others.

Kelly, Moskowitz, and Pruitt (2021) show that time-varying conditional risk exposures can
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explain a sizable share of both momentum and long reversal. The minimality theorem adds

a lower bound on the number of adjustment modes consistent with the whole curve.

B. Filtering, interpretation, and attention

The model begins from the microstructure view that prices are filters. In Kyle (1985), in-

formed trading and market-maker inference jointly determine price impact; Back (1992) gives

the continuous-time version, and Back and Baruch (2004) connect the Kyle and Glosten–

Milgrom settings. Glosten and Milgrom (1985) show how adverse selection creates a spread.

The present model retains that Bayesian benchmark but distinguishes the information in-

ferable from public order flow from the permanent price currently recorded in transactions.

That distinction connects to sticky information (Mankiw and Reis, 2002), infrequent re-

balancing (Bogousslavsky, 2016), and limits of arbitrage (Shleifer and Vishny, 1997). Holden

and Subrahmanyam (2002) study costly private-information acquisition and serial correla-

tion, while Cespa and Vives (2012) study dynamic trading and public information. Hender-

shott et al. (2022) show that several Poisson attention frequencies are needed to fit price,

inventory, and retail-flow dynamics. Here the costly object is narrower: interpreting infor-

mation already present in public order flow. Quote setters choose the refresh rate, and free

entry prices the continuation that remains.

C. Liquidity, price pressure, and state dependence

The permanent–transitory decomposition follows the price-impact literature. Glosten and

Harris (1988) separate adverse-selection impact from inventory and order-processing effects;

Hasbrouck (1991) measures the information content of trades; Madhavan, Richardson, and

Roomans (1997) emphasize unexpected order flow; and Huang and Stoll (1997) decompose

the spread. Roll (1984) provides the short-reversal benchmark, and the decaying transient

state is close to Obizhaeva and Wang (2013). Sadka (2006) directly connects a Glosten–

Harris liquidity decomposition to momentum and post-earnings drift. The present analysis

links permanent and transitory rates to changes in the sign of predictability across horizons.

The empirical interpretation must also distinguish stock-level trading costs from ag-
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gregate liquidity states. Campbell, Grossman, and Wang (1993) and Llorente et al. (2002)

use volume to separate information from risk-sharing trades, while Chordia and Subrah-

manyam (2004) study order imbalance and short-horizon predictability. Nagel (2012) inter-

prets short-run reversal returns as compensation for liquidity provision. Hameed, Kang, and

Viswanathan (2010) show that market declines and tight funding reduce liquidity; Avramov,

Cheng, and Hameed (2016) find momentum profits are larger after liquid aggregate market

states; and Daniel and Moskowitz (2016) show that momentum crashes following market de-

clines and during rebounds. These aggregate results confine the cross-sectional interpretation

to stock-level cost and attention mechanisms.

D. Feedback, flows, and same-security designs

The endogenous third clock belongs to the literature on positive-feedback trading and slow-

moving capital. De Long et al. (1990) study destabilizing feedback trading; Hong and Stein

(1999) show how momentum traders arbitrage underreaction into overreaction; and Vayanos

and Woolley (2013) derive continuation and later reversal from predictable fund flows. The

slow absorption of trend capital is also in the spirit of Grossman and Miller (1988) and Duffie

(2010). Here, feedback trading creates a third squared-exponential term whose weight is tied

to the information and liquidity clocks it chases.

Finally, Chui, Subrahmanyam, and Titman (2022) use different share classes of the same

firms to hold cash flows fixed while studying investor clientele. The NSE–BSE setting applies

the same-security comparison to the persistence of venue discrepancies. Investor allocation

across venues remains endogenous, so the design identifies the lifespan of a venue-specific

price gap. This controlled comparison produces the days-versus-months bound.

X. Conclusion

Return predictability is a curve, not a single number. In the Indian same-firm, two-venue

panel, that curve can be followed from one trading day to three years. Its short bands

are small, its 3–8 month region is strongly positive, and its 12–36 month region is strongly
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negative. A conventional momentum horizon would reveal only the middle of that path.

The counting theorem turns the path into an economic restriction. One continuation

rate and one reversal rate can change dominance at most once, for any parameters and

even with correlated shocks. The two crossings in the Indian curve identify at least three

timescales. Boundary-sensitive estimates leave their individual speeds unresolved.

The crossing count alone leaves the economic states unnamed. Same-firm BSE–NSE

gaps narrow that ambiguity: their pooled half-life is 2.4 trading days, and the median-

company half-life is below one day. The venue price gap closes in days; the medium band lasts

months. In the cross-section, the 3–8 month band is larger when spreads, price impact, and

illiquidity make arbitrage costly, and smaller when analyst coverage makes public information

easier to interpret. The two comparisons point toward costly interpretation while leaving

the speed of fundamental learning unresolved.

The third clock links the two ends of the curve. Delayed interpretation makes trend-

following profitable; trend capital then builds a slow price-pressure state whose eventual

unwinding produces long reversal—momentum’s equilibrium afterlife.

Timing the clocks directly will require longer panels or data on the states the model

leaves latent: order flow and inference for the interpretation clock, and trend-follower posi-

tions for the slow unwinding clock. Such data could price the execution-cost and attention-

cost product that bounds continuation and the trend-capital mass that converts it into

reversal. The counting is done; the timing is the agenda.
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Appendix A. Supporting Equilibrium Results

The main text uses a small set of local coefficients so that the horizon logic remains visi-

ble. This appendix supplies the equilibrium machinery behind them. It derives static and

continuous-time trading foundations for the permanent–transitory decomposition, plots the

information–liquidity boundary from Corollary 2, and prices the trend-chasing mass.

A. The static fixed point

The one-period economy makes the joint determination of permanent and transitory impact

easiest to see. Start with a Kyle market and add an execution cost. Let m be the public

prior mean of V , δ = V − m ∼ N(0, σ2
δ ), let an informed trader submit x = βδ, and let

noise traders submit u ∼ N(0, σ2
u), so signed order flow is y = x+u. The market maker sets

the permanent component by Bayesian updating, M = m + zy, and the transaction price

includes temporary price impact, P = m+ (z + c)y.

Proposition 7 (Static Kyle–Glosten–Harris fixed point). In the one-period linear-normal

economy, a linear equilibrium with permanent impact z, temporary impact c ≥ 0, and in-

formed intensity β satisfies

z =
βσ2

δ

β2σ2
δ + σ2

u

, β =
1

2(z + c)
, (27)

and total execution impact Λ = z + c solves 4σ2
uΛ

3 − 4cσ2
uΛ

2 − σ2
δΛ− cσ2

δ = 0 on the branch

Λ > c, z > 0, β > 0. When c = 0, the equilibrium is Kyle’s benchmark, β = σu/σδ,

z = σδ/(2σu).

The execution cost changes informed trading, which changes the information in or-

der flow and hence permanent impact. Permanent and transitory components are jointly

determined, while shock orthogonality provides the covariance benchmark used below.

B. Temporary execution cost in continuous time

Let the execution price faced by the informed trader be P exec
t = Nt + ctqt, where ct > 0

is deterministic. Define Gt = V − Nt, so dGt = −ztqt dt − ztσu dBt. The informed trader
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from Corollary 2, holding κ fixed and varying the interpretation speed ν. Continuation

requires σ2N/σ2L > r∗(h). The figure is illustrative and uses no data.

maximizes expected cumulative trading profits; with quadratic value function J(t, G) =

AtG
2 +Bt, the Hamilton-Jacobi-Bellman equation yields the following system.

Proposition 8 (Continuous-time Kyle–Glosten–Harris system). With local temporary exe-

cution cost ct > 0, a linear equilibrium is characterized by

βt =
1− 2Atzt

2ct
, zt =

βtΣt

σ2
u

, Σ̇t = −z2t σ2
u, Ȧt = −(1− 2Atzt)

2

4ct
, (28)

on the branch 1− 2Atzt > 0, with terminal condition AT = 0.

C. The information–liquidity sign boundary

Figure A1 plots the threshold r∗(h) of Corollary 2: continuation requires the information-

to-liquidity power ratio to clear a horizon-adjusted speed threshold, which shifts with the

interpretation speed ν.

D. Entry, complementarity, and fragility

The third clock is endogenous only if trend capital enters voluntarily. A trend-chaser’s

impact-adjusted flow profit per unit mass values external price changes at the previsible

position and changes in the cohort’s own linear pressure at the midpoint of its position
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adjustment:

dΠt = st d(Mt + Lt) +
p

2
d(s2t ) = st dPt +

p

2
d[s]t. (29)

The second equality follows from Itô’s formula. The midpoint term removes gains or losses

produced solely by marking the cohort’s own linear price pressure at one endpoint of a

trade. In stationarity, the exact differential has zero expectation. Lemma 9 then leaves two

economic terms: profits from following uninterpreted information and losses from following

bounce.

Proposition 9 (Trend-following profits and entry). Under the assumptions of Lemma 9,

π(ω) ≡ E[dΠt]

dt
= ν E[stHt]− κE[stLt] = ω

[
νσ2

N

2(ω + ν)
− κσ2

L

2(ω + κ)

]
, (30)

where ω = ω0/(1− ω0p) increases in the mass g. Hence:

1. If σ2
N ≤ σ2

L and νσ2
N ≤ κσ2

L, then π ≤ 0 for all ω: no trend-chasing survives.

2. If σ2
L < σ2

N < (κ/ν)σ2
L, then π is positive on (0, ω̄) and negative beyond, with ω̄ = νκ(σ2

N−

σ2
L)/(κσ

2
L−νσ2

N): chasing faster captures relatively more bounce than information. With

a participation cost F ∈ (0,maxω π) per unit mass, free entry has a stable interior solution

at the larger root of π(ω(g)) = F , where π is decreasing in mass.

3. If νσ2
N > κσ2

L and σ2
N > σ2

L, then π > 0 for every chasing speed, with π(∞) = (νσ2
N −

κσ2
L)/2 > 0: for small enough participation costs no finite mass extinguishes profits,

and entry is limited only by capital or by the fragility bound of Lemma 8. If moreover

νσN ≥ κσL, profits strictly increase in aggregate mass through the feedback multiplier:

entry is a strategic complementarity.

Remark 4 (Fragility and momentum crashes). By Lemma 8, the feedback multiplier 1/(1−

ω0p) diverges as p ↑ 1/ω0: there is a finite trend-chasing mass beyond which no stationary

linear equilibrium exists. In the complementarity regime of Proposition 9, entry pushes the

market toward that bound, the trend clock accelerates (ω → ∞), and |Wω| grows without
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limit. Daniel and Moskowitz (2016) emphasize crash-prone momentum. The model locates

both ignition and fragility in a measurable object: the distance 1−ω0p between trend-chasing

pressure and its fragility bound.

Figure A2 shows the interior-entry regime. Profit initially rises with chasing speed

because the signal captures more delayed information. It peaks and then falls as faster

chasing loads increasingly on bounce. The participation-cost line selects the stable mass.

Trend-chasers can therefore earn positive net profits and still create their own eventual

reversal: individual profitability and aggregate destabilization coexist.
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Figure A2. The trend-chasing entry margin. The figure plots expected trend-following profit
per unit mass, equation (30), for ν = 0.5, κ = 4, σN = 1, σL = 0.9 (the interior-entry regime of
Proposition 9: profits are positive below ω̄ ≈ 0.139 and negative beyond). The dotted line is a
participation cost F ; the marked point is the stable free-entry equilibrium at ω∗ = 0.12, the value
used in Proposition 5 and Figure 2. The figure is illustrative and uses no data.

Appendix B. Proofs

Proof of Proposition 7. The proof closes the two equilibrium conditions in (27). Because the

market maker observes y = βδ + u, joint normality gives

z =
Cov(δ, y)

Var(y)
=

βσ2
δ

β2σ2
δ + σ2

u

.
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The informed trader takes total execution impact Λ = z+c as given and maximizes x(δ−Λx).

The first-order condition gives x = δ/(2Λ), and hence β = 1/(2Λ). Substitution into the

market maker’s coefficient gives

Λ− c =
2Λσ2

δ

σ2
δ + 4Λ2σ2

u

⇐⇒ 4σ2
uΛ

3 − 4cσ2
uΛ

2 − σ2
δΛ− cσ2

δ = 0.

The admissible branch has Λ > c, so z = Λ − c > 0 and β > 0. When c = 0, the positive

root is Λ = σδ/(2σu), which gives β = σu/σδ.

Proof of Lemma 1. Under qt = βt(V − Nt), order flow has innovation representation dYt =

βt(V−Nt) dt+σu dBt with E[qt | FY
t ] = 0. The Kalman-Bucy filter gives dNt = (βtΣt/σ

2
u) dYt,

so zt = βtΣt/σ
2
u, and the Riccati equation Σ̇t = −β2

tΣ
2
t/σ

2
u = −z2t σ2

u.

Proof of Proposition 8. Let Gt = V − Nt, so dGt = −ztqt dt − ztσu dBt, and conjecture

J(t, G) = AtG
2 +Bt. With flow payoff qG− ctq

2, the HJB is

0 = ȦtG
2 + Ḃt +max

q

{
(1− 2Atzt)Gq − ctq

2 + Atz
2
t σ

2
u

}
.

The maximand is strictly concave in q. Its first-order condition and the linear strategy

qt = βtGt therefore give

qt =
1− 2Atzt

2ct
Gt, βt =

1− 2Atzt
2ct

.

Substituting the optimizer back into the HJB gives

0 =

[
Ȧt +

(1− 2Atzt)
2

4ct

]
G2 + Ḃt + Atz

2
t σ

2
u.

The coefficient on G2 yields the equation for Ȧt; the constant coefficient determines Bt,

which does not enter the trading rule. Lemma 1 supplies zt = βtΣt/σ
2
u and Σ̇t = −z2t σ2

u.

The terminal condition J(T,G) = 0 implies AT = 0, completing (28).

Proof of Lemma 2. For a stationary Poisson refresh process with rate νi, the age Ai,t of the

current quote is exponentially distributed with mean 1/νi, independent of WN . Conditional

on age a, the quote is mi,t = Nt−a, and since N has independent increments with Var(Nt −

32



Nt−a) = σ2
Na, E[(Nt −mi,t)

2] = σ2
N E[Ai,t] = σ2

N/νi.

Proof of Proposition 1. The objective φσ2
N/ν + ψν is strictly convex on (0,∞) with unique

stationary point ν∗ = σN
√
φ/ψ (second derivative 2φσ2

N/ν
3 > 0). Substituting into σ2

N/(2ν
∗)

gives 1
2
σN

√
ψ/φ.

Proof of Lemma 3. Over [t, t + dt], a fraction ν dt of setters refreshes to Nt while the rest

keep their quotes, so Mt+dt −Mt = ν dt
∫ 1

0
(Nt −mi,t) di+ o(dt) = ν(Nt −Mt) dt+ o(dt).

Proof of Lemma 4. Because at is publicly observed and predictable,

E[dYt | FY
t ] =

(
at + βtE[V −Nt | FY

t ]
)
dt = at dt.

Define the cumulative innovation by

It := Yt −
∫ t

0

as ds, dIt = qt dt+ σu dBt.

The first definition makes I measurable with respect to Y . Conversely, pathwise uniqueness

for the predictable feedback rule reconstructs Yt = It +
∫ t

0
as ds from the history of I. Thus

F I
t = FY

t . After subtracting the observable drift, the market maker faces exactly the bench-

mark observation equation, and the Kalman–Bucy filter depends on order flow only through

I. Its conditional mean, impact coefficient, and conditional variance are therefore the same

Nt, zt, and Σt as without arbitrage flow.

Proof of Proposition 2. An individual arbitrageur solves maxa aHt − cAa
2. Thus

a∗(Ht) =
Ht

2cA
, πA(Ht) =

H2
t

4cA
, E[πA(Ht)] =

Var(Ht)

4cA
.

With mass A, aggregate flow is γHt, where γ = A/(2cA). Assumption 1 and Lemma 4 give

dHt = σN dW
N
t − νHt dt, ν = ν0 + ζγ, Var(Ht) =

σ2
N

2ν
.

When the implied mass is positive, free entry requires

Var(Ht)

4cA
= ψA ⇐⇒ ν =

σ2
N

8cAψA

.
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Combining this equality with γ = A/(2cA) gives (4) and the stated A∗, which is positive

exactly when σ2
N > 8cAψAν0. Otherwise the rent at A = 0 is below the entry cost, so A∗ = 0

and ν = ν0.

Proof of Theorem 1 and Corollary 1. By Lemma 5, CI
h = Var(Ht)(1 − e−νh)2, which is in-

creasing in h with supremum Var(Ht), equal to 4cAψA in the entry region by Proposition

2. Under Assumption 3 the transient term in (11) is nonpositive, so the total is at most

CI
h ≤ 4cAψA. As cAψA → 0 with σN fixed, ν = σ2

N/(8cAψA) → ∞ and CI
h ≤ Var(Ht) =

4cAψA → 0. Finally, Var(Ht) = 4cAψA and ν = σ2
N/(8cAψA) establish the separation re-

sult.

Proof of Lemma 5. Ht is Ornstein-Uhlenbeck with ΓH(s) = σ2
Ne

−ν|s|/(2ν). Since Mt+h −

Mt =
∫ t+h

t
νHs ds, Cov(∆hMt,∆hMt+h) = ν2

∫ h

0

∫ 2h

h
ΓH(b− a) db da =

σ2
N

2ν
(1− e−νh)2.

Proof of Lemma 6. With ΓL(s) = σ2
Le

−κ|s|/(2κ), Cov(Lt+h − Lt, Lt+2h − Lt+h) = 2ΓL(h) −

ΓL(0)− ΓL(2h) = −σ2
L

2κ
(1− e−κh)2, using 2e−κh − 1− e−2κh = −(1− e−κh)2.

Proof of Theorem 2 and Corollary 2. Write ∆hXt = Xt+h−Xt. Since P =M+L, bilinearity

gives the complete decomposition

Cov(∆hPt,∆hPt+h) = Cov(∆hMt,∆hMt+h) + Cov(∆hMt,∆hLt+h)

+ Cov(∆hLt,∆hMt+h) + Cov(∆hLt,∆hLt+h).

Assumption 3 sets the two cross terms to zero. Lemmas 5 and 6 supply the first and fourth

terms, respectively, yielding (11). For σ2
L > 0, dividing the continuation inequality by

σ2
L(1− e−νh)2/(2κ) > 0 gives (12) without reversing its sign.

Proof of Lemma 7. Write the stationary solutions as Ht = σN
∫ t

−∞ e−ν(t−u)dWN
u and Lt =

σL
∫ t

−∞ e−κ(t−u)dWL
u . Then Cov(Ht, Lt) = ρσNσL

∫∞
0
e−(ν+κ)vdv = ρσNσL/(ν+κ). For s ≥ 0,

Lt+s = e−κsLt +
∫ t+s

t
(·) dWL with the integral uncorrelated with Ht, so Cov(Ht, Lt+s) =

e−κsΓHL(0); symmetrically for Cov(Lt, Ht+s).
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Proof of Proposition 3. Since ∆hMt = ν
∫ t+h

t
Hu du and Lemma 7 gives the two directional

cross-covariances decay at different rates,

Cov(∆hMt,∆hLt+h) = νΓHL(0)

∫ h

0

[
e−κ(h+r) − e−κr

]
dr

= −ν
κ
ΓHL(0)(1− e−κh)2,

Cov(∆hLt,∆hMt+h) = νΓHL(0)

∫ h

0

[
e−νr − e−ν(h+r)

]
dr

= ΓHL(0)(1− e−νh)2.

Adding these terms to (11) gives (13). The local effect in Remark 1 follows by substituting

ΓHL(0) = ρσNσL/(ν + κ) into the two bracketed coefficients and differentiating their ratio

at ρ = 0.

Proof of Proposition 4. Let x = e−νh ∈ (0, 1), r = κ/ν ̸= 1, so e−κh = xr and f(h) = 0 iff

ϕ(x) :=
√
A(1− x)−

√
B(1− xr) = 0,

where taking square roots is valid because both bracketed terms are positive for x ∈ (0, 1).

Extend ϕ continuously to x = 1, where ϕ(1) = 0. Its derivative is

ϕ′(x) = −
√
A+

√
B r xr−1.

Because r ̸= 1, the function xr−1 is strictly monotone on (0, 1); hence ϕ′ has at most one

zero. If ϕ had two interior zeros x1 < x2 < 1, Rolle’s theorem applied on [x1, x2] and [x2, 1]

would give two distinct zeros of ϕ′, a contradiction. Thus ϕ, and therefore f , has at most

one zero on the stated domain.

Derivation of equation (14). Lemma 6 applies to each independent factor Lk,t; bilinearity

and independence across k and from Ht eliminate all cross terms and give the sum in (14).

It remains to verify the two-crossing example. Denote its horizon curve by g and set

y = e−h/10 ∈ (0, 1). Then

g(h) = q(y) :=
7

5
(1− y5)2 − 3

20
(1− y40)2 − 2(1− y)2,
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and expansion in descending powers gives

q(y) = − 3

20
y80 +

3

10
y40 +

7

5
y10 − 14

5
y5 − 2y2 + 4y − 3

4
.

The nonzero coefficients have sign sequence (−,+,+,−,−,+,−), which has four sign changes.

Descartes’ rule of signs therefore bounds the number of positive roots of q, counted with mul-

tiplicity, by four. Moreover, q(1) = q′(1) = 0, so the excluded point y = 1 already contributes

a root of multiplicity at least two. Exact evaluation at three rational points gives

q(99/100) < 0, q(3/4) > 0, q(1/10) < 0,

with approximate values −0.0133, 0.5394, and −0.3700. Continuity therefore supplies two

distinct roots in (0, 1). Together with the double root at y = 1, these exhaust the four

positive roots allowed by Descartes’ rule. Hence the example has exactly two roots on

(0,∞), numerically h1 ≈ 0.7900 and h2 ≈ 15.6165.

Proof of Lemma 8. Substituting dPt = dMt + dLt + p dst into (15) gives

(1− ω0p) dst = ω0(dMt + dLt)− ω0st dt.

When ω0p < 1, division by the positive coefficient yields (17) with ω = ω0/(1 − ω0p) > 0.

At ω0p = 1, the left side vanishes while the right side retains the Brownian innovations in

dMt + dLt, so the identity cannot define a linear signal process. When ω0p > 1, the implied

ω is negative and the drift −ωst is explosive. Thus a stationary linear solution exists only

on the branch ω0p < 1.

Proof of Lemma 9. Write sMt = ων
∫ t

−∞ e−ω(t−r)Hr dr and sLt = ω
∫ t

−∞ e−ω(t−r)dLr. Substi-

tuting the moving-average representations of H and L and applying Fubini gives kernel

representations sMt =
∫ t

−∞ ksM (t− u) dWN
u and sLt =

∫ t

−∞ ksL(t− u) dWL
u with

ksM (d) =
σNων

ω − ν

(
e−νd − e−ωd

)
, ksL(d) =

σLω

ω − κ

(
ωe−ωd − κe−κd

)
,

and kH(d) = σNe
−νd, kL(d) = σLe

−κd. For any two kernels, Itô isometry gives Cov(Xt, Yt+d) =
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∫∞
0
kX(u) kY (u+d) du for d ≥ 0. Evaluating these elementary exponential integrals for the six

pairs yields (18)–(20); for instance Cov(sMt , Ht+d) = e−νd E[sMt Ht] follows from the Markov

property of H, with E[sMt Ht] =
∫∞
0
ksM (u)kH(u) du = ωσ2

N/(2(ν + ω)).

Proof of Theorem 3. The proof has three steps. First, decompose adjacent return covariance

into the two independent Brownian blocks. Second, reduce every block to the squared-

exponential basis (1− e−rh)2. Third, collect the coefficients rate by rate.

Expand Pt = Mt + p sMt + Lt + p sLt . By independence of WN and WL, the adjacent

covariance splits into a WN -block and a WL-block:

C(h) = CMM + p (CMsM + CsMM) + p2CsMsM + CLL + p (CLsL + CsLL) + p2CsLsL ,

where each term is Cov(∆hXt,∆hYt+h) for the indicated pair. Three identities reduce ev-

ery term to the squared-exponential basis. (i) For jointly stationary X,Y with ΓXY (d) ≡

Cov(Xt, Yt+d) =
∑

j cje
−rjd for d ≥ 0,

Cov(∆hXt,∆hYt+h) = 2ΓXY (h)− ΓXY (0)− ΓXY (2h) = −
∑
j

cj
(
1− e−rjh

)2
,

using lags {0, h, 2h} ≥ 0 and 2e−rh − 1− e−2rh = −(1− e−rh)2. (ii) For stationary Z driven

by WN with ΓHZ(d) =
∑

j aje
−rjd,

Cov(∆hMt,∆hZt+h) = ν

∫ h

0

[ΓHZ(2h− v)− ΓHZ(h− v)] dv = −ν
∑
j

aj
rj

(
1− e−rjh

)2
.

(iii) With ΓZH(d) =
∑

j bje
−rjd,

Cov(∆hZt,∆hMt+h) = ν

∫ h

0

[ΓZH(v)− ΓZH(h+ v)] dv = +ν
∑
j

bj
rj

(
1− e−rjh

)2
.

Identity (i) applies to every pair of stationary components, including all terms in the L-block.

Identities (ii) and (iii) apply only to cross terms involving the integrated component M . The

pure M -term is CMM =
σ2
N

2ν
(1 − e−νh)2 by Lemma 5. To make the table below checkable,
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consider the L-block cross term. From Lemma 9,

ΓLsL(d) =
ωσ2

L

[
(κ+ ω)e−κd − 2ωe−ωd

]
2(κ2 − ω2)

, ΓsLL(d) =
ωσ2

L

2(κ+ ω)
e−κd.

Identity (i) therefore gives a rate-ω coefficient ω2σ2
L/(κ

2 − ω2) and a rate-κ coefficient

−ωσ
2
L(κ+ ω)

2(κ2 − ω2)
− ωσ2

L

2(κ+ ω)
= − κωσ2

L

κ2 − ω2
.

Applying the same identities to the remaining terms gives the following coefficients on (1−

e−rh)2:

source rate ν rate ω rate κ

CMM σ2
N/(2ν) – –

p(CMsM + CsMM) p
νωσ2

N

ν2 − ω2
−p ν2σ2

N

ν2 − ω2
–

p2CsMsM p2
νω2σ2

N

2(ν2 − ω2)
−p2 ν2ωσ2

N

2(ν2 − ω2)
–

CLL – – −σ2
L/(2κ)

p(CLsL + CsLL) – +p
ω2σ2

L

κ2 − ω2
−p κωσ2

L

κ2 − ω2

p2CsLsL – +p2
ω3σ2

L

2(κ2 − ω2)
−p2 κω2σ2

L

2(κ2 − ω2)

Summing each column and completing the square in (1 + ωp) gives (22)–(24); for example

the rate-ν column is σ2
N

[
(ν2 − ω2) + 2pν2ω + p2ν2ω2

]
/
(
2ν(ν2 − ω2)

)
= σ2

N

[
ν2(1 + ωp)2 −

ω2
]
/
(
2ν(ν2 − ω2)

)
.

Proof of Corollary 4. Each basis function tends to one, so the plateau is Wν +Wω +Wκ.

Collecting powers of p: the p0 terms give σ2
N/(2ν)− σ2

L/(2κ); the p1 terms give νωσ2
N−ν2σ2

N

ν2−ω2 +

ω2σ2
L−κωσ2

L

κ2−ω2 = − νσ2
N

ν+ω
− ωσ2

L

κ+ω
; the p2 terms give − νωσ2

N

2(ν+ω)
− ω2σ2

L

2(κ+ω)
. Both p-coefficients are strictly

negative.

Proof of Remark 3. Since (1 − e−rh)2 = r2h2 + O(h3), the p-linear part of C(h) has h2-

coefficient νωσ2
N

ν2−ω2ν
2 − ν2σ2

N

ν2−ω2ω
2 +

ω2σ2
L

κ2−ω2ω
2 − κωσ2

L

κ2−ω2κ
2 =

ν2ωσ2
N

ν+ω
− ωσ2

L(κ
2+κω+ω2)

κ+ω
, using κ3 − ω3 =

(κ− ω)(κ2 + κω + ω2).
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Proof of Proposition 5. The sign changes can be counted exactly. For the stated parameters,

set y = e−h/50 ∈ (0, 1). Because (ν, ω, κ) = (25, 6, 200)/50, equation (21) becomes

C(h) = q(y) := Wν(1− y25)2 +Wω(1− y6)2 +Wκ(1− y200)2.

The parameterization gives Wν > 0, Wω < 0, Wκ < 0, and Wν+Wω+Wκ < 0. Consequently,

the coefficients of q at powers (400, 200, 50, 25, 12, 6, 0) have signs

(−,+,+,−,−,+,−),

respectively. There are four sign changes, so Descartes’ rule bounds the number of positive

roots by four, counted with multiplicity. Since every term in q is a squared difference,

q(1) = q′(1) = 0; the excluded point y = 1 is a root of multiplicity at least two. Exact

evaluation at rational points gives

q(199/200) < 0, q(19/20) > 0, q(1/2) < 0,

with approximate values −0.0359, 0.4650, and −0.1267. Continuity supplies two distinct

roots in (0, 1), and these roots together with the double root at y = 1 exhaust the Descartes

bound. Thus C(h) has exactly two roots on (0,∞), numerically h1 ≈ 0.7498 and h2 ≈

22.9057, with the stated negative–positive–negative sign pattern.

At p = 0 the curve is σ2
N

2ν
(1− e−νh)2 − σ2

L

2κ
(1− e−κh)2 with both coefficients positive, so

Proposition 4 applies: at most one crossing, and since the short-horizon coefficient 1
2
(σ2

Nν −

σ2
Lκ) = −1.37 is negative while the plateau 0.899 is positive, continuity gives exactly one.

Proof of Proposition 9. Profit decomposition. Taking expectations in (29) and using station-

arity gives

π(ω) =
E[st dMt]

dt
+

E[st dLt]

dt
+
p

2

dE[s2t ]
dt

= νE[stHt]− κE[stLt].

The stochastic integral in st dLt has zero expectation because st is previsible; orthogonality

gives E[stHt] = E[sMt Ht] and E[stLt] = E[sLt Lt]. Substituting the two date-zero covariances

from Lemma 9 yields (30).
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Signs of profit and its derivative. For ω > 0, multiply (30) by a positive denominator

and define

Q(ω) :=
2(ω + ν)(ω + κ)

ω
π(ω)

= ω(νσ2
N − κσ2

L) + νκ(σ2
N − σ2

L).

Thus sgn π(ω) = sgnQ(ω). For the slope,

2π′(ω) =

(
νσN
ω + ν

)2

−
(
κσL
ω + κ

)2

.

Both ratios are positive, so the sign of π′ is the sign of

D(ω) := νσN(ω + κ)− κσL(ω + ν) = (νσN − κσL)ω + νκ(σN − σL).

Parameter regimes. (1) If σ2
N ≤ σ2

L and νσ2
N ≤ κσ2

L, both the intercept and slope of Q

are nonpositive. Hence π(ω) ≤ 0 for every ω > 0.

(2) Suppose σ2
L < σ2

N < (κ/ν)σ2
L. The intercept of Q is positive and its slope is negative,

so Q has the unique positive root

ω̄ =
νκ(σ2

N − σ2
L)

κσ2
L − νσ2

N

.

It follows that π > 0 on (0, ω̄) and π < 0 beyond it. These inequalities also imply κ > ν

and 1 < σN/σL <
√
κ/ν < κ/ν. Therefore D(0) > 0 and the slope of D is negative. The

derivative π′ changes sign exactly once: profit rises to a unique maximum and then falls. For

F ∈ (0,max π), the larger solution of π(ω(g)) = F lies on this decreasing branch. Lemma 8

makes ω(g) strictly increasing, so that solution is stable under entry and exit.

(3) If νσ2
N > κσ2

L and σ2
N > σ2

L, both coefficients of Q are positive. Thus π > 0 for

every ω > 0, and

lim
ω→∞

π(ω) =
νσ2

N − κσ2
L

2
> 0.

If F lies below both this limit and infω≥ω0 π(ω), no finite mass eliminates the entry rent.

Finally, if νσN ≥ κσL, the slope of D is nonnegative while its intercept is strictly posi-

tive. Hence π′(ω) > 0 for every ω > 0; since ω(g) rises with mass, entry is a strategic
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complementarity.

Proof of Proposition 6. Step 1: recover the reduced-form curve. For a rate r,

(1− e−rh)2 = 1− 2e−rh + e−2rh.

Thus C(h) is a finite linear combination of {1} ∪ {e−λh}, with λ ∈ {ν, 2ν, ω, 2ω, κ, 2κ}.

The assumptions that rates are distinct and no rate is twice another make these exponents

distinct. Distinct exponentials are linearly independent on any open interval, so the exponent

set and the associated coefficients are unique. For each recovered rate rj, the coefficient on

e−rjh is −2Wj, while the coefficient on e−2rjh is Wj. The paired coefficients distinguish the

base rate from its double and recover the three weights. In the reversal-momentum-reversal

regime, the positive weight labels ν, and the two negative weights are ordered as ω < κ.

Step 2: reduce primitive recovery to one scalar equation. Let

x = (1 + ωp)2, p(2 + ωp) =
x− 1

ω
.

Equation (22) gives

Wν =
σ2
N

2ν(ν2 − ω2)

(
ν2x− ω2

)
,

so
σ2
N

ν2 − ω2
=

2νWν

ν2x− ω2
.

Similarly, (24) gives

Wκ = − σ2
L

2κ(κ2 − ω2)

(
κ2x− ω2

)
,

and therefore
σ2
L

κ2 − ω2
= − 2κWκ

κ2x− ω2
.

Substitute these two displays into (23):

Wω = −1

2
p(2 + ωp)

[
ν2

σ2
N

ν2 − ω2
− ω2 σ2

L

κ2 − ω2

]
= −x− 1

2ω

[
2ν3Wν

ν2x− ω2
+

2κω2Wκ

κ2x− ω2

]
.
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Moving the right side to the left gives exactly Φ(x) = 0 as defined in (25). Once its root x∗

is known, (26) follows by the same two displayed equations and p = (
√
x∗ − 1)/ω.

Step 3: show uniqueness of the scalar root. Throughout this step we use the regime

ordering ω < ν < κ, Wν > 0, Wκ < 0, and p ≥ 0. The last inequality implies x = (1+ωp)2 ≥

1. Differentiating Φ gives

Φ′(x) =
1

ω

[
ν3Wν(ν

2 − ω2)

(ν2x− ω2)2
+
κω2Wκ(κ

2 − ω2)

(κ2x− ω2)2

]
.

Because Wκ < 0, the second term is the only possible source of non-monotonicity. For x ≥ 1,

κ2x− ω2

ν2x− ω2
>
κ2

ν2
,

since cross-multiplication leaves ν2(κ2x− ω2)− κ2(ν2x− ω2) = ω2(κ2 − ν2) > 0. Hence

1

(κ2x− ω2)2
<
ν4

κ4
1

(ν2x− ω2)2
.

Using this bound on the negative term in Φ′(x),

Φ′(x) >
ν3(ν2 − ω2)

ω(ν2x− ω2)2

[
Wν − |Wκ|

νω2(κ2 − ω2)

κ3(ν2 − ω2)

]
,

The bracket on the right is nonnegative when

Wν

|Wκ|
≥ νω2(κ2 − ω2)

κ3(ν2 − ω2)
.

The preceding strict inequality therefore gives Φ′(x) > 0, including when the restriction

holds with equality. Thus Φ has at most one root on [1,∞). The true primitive vector

generated the observed curve, so its x = (1 + ωp)2 is a root in that interval. It is therefore

the unique root.

Step 4: identify the cost product. In the entry region, Proposition 2 gives

ν =
σ2
N

8cAψA

.

The objects ν and σ2
N have already been recovered, so

cAψA =
σ2
N

8ν

42



Table AI. Monte Carlo recovery of the three-clock model. Prices are simulated from the
exact discretization of the model of Section V at intervals of 0.05 months (approximately daily)
over 480 months, with heterogeneous unobserved drifts; the estimator uses only pooled sample
autocovariances of drift-adjusted returns at 18 horizons between 0.25 and 48 months. Entries are
medians over 204 replications with 5th and 95th percentiles in brackets. The final row is the
percentage of replications in which the fitted curve changes sign exactly twice.

True N = 1 N = 100 N = 500

ν (interpretation) 0.50 0.29 [0.05, 0.95] 0.49 [0.37, 0.56] 0.50 [0.45, 0.54]
κ (liquidity) 4.00 4.56 [0.65, 25.0] 4.01 [3.85, 4.18] 4.00 [3.93, 4.08]
ω (trend) 0.12 0.12 [0.01, 0.66] 0.11 [0.01, 0.36] 0.11 [0.06, 0.21]
Wν 1.33 9.64 [0.89, 443] 1.37 [1.07, 7.47] 1.33 [1.16, 1.87]
Wκ −0.13 −0.10 [−47.0, −0.00] −0.13 [−0.14, −0.12] −0.13 [−0.14, −0.13]
Wω −1.36 −28.0 [−4667, −0.00] −2.73 [−85.2, −1.00] −1.53 [−3.62, −1.00]
h1 (first crossing) 0.75 0.77 [0.54, 1.06] 0.75 [0.74, 0.77] 0.75 [0.74, 0.76]
h2 (second crossing) 22.9 7.0 [2.9, 14.0] 14.7 [8.6, 29.9] 18.7 [14.2, 26.9]
σ2N (information) 1.00 0.96 [0.10, 62.2] 0.98 [0.71, 1.10] 0.99 [0.88, 1.05]
σ2L (bounce) 0.81 0.35 [0.03, 41.5] 0.72 [0.49, 0.89] 0.79 [0.67, 0.86]
p (trend pressure) 1.20 3.99 [0.18, 50.4] 1.50 [0.73, 7.25] 1.31 [0.83, 2.93]
cAψA (cost product) 0.25 0.39 [0.05, 27.2] 0.25 [0.17, 0.34] 0.25 [0.21, 0.28]

two crossings detected (%) – 60 63 68

is identified from the return-autocovariance curve.

Appendix C. A Monte Carlo Assessment of the Estimator

The simulation asks which part of the three-clock structure a realistic price history can

recover. It uses the parameterization of Proposition 5, expressed in monthly units: ν = 0.5,

κ = 4, and ω = 0.12, with crossings near two weeks and two years and a momentum peak

near six months. Prices are drawn from the model’s exact discretization at 0.05-month

intervals, approximately daily, for 480 months, with heterogeneous unobserved drifts.

Table AI compares a single asset with pooled panels of 100 and 500 independent assets.

Each design has 204 replications. Every replication uses the full Section V procedure: drift

adjustment, a pooled curve with cross-sectional standard errors, grid and simplex searches

over rates, sign-constrained weights, the h2 bias regressor, and the structural back-out in

Proposition 6.

The recovery follows the clocks’ speed. A single asset’s forty years of daily prices identify
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Figure A3. Monte Carlo distribution of fitted horizon curves. The figure shows the point-
wise 5th–95th percentile band and median of the fitted three-clock curves across 204 replications
of the N = 500 panel design of Table AI, against the true curve of Proposition 5. The fast reversal,
the momentum hump, and the first crossing are recovered with little error; the slow clock’s descent
into long-run reversal is where sampling uncertainty concentrates.

the fast clock and first crossing, but little else. Pooling changes the picture: with 100 assets,

the interpretation and liquidity rates, their weights, both variance intensities, and the cost

product cAψA are recovered tightly; with 500 assets, their medians match the truth to two

digits. The cost product is among the best measured objects, with a 90% range of [0.21, 0.28]

around a truth of 0.25.

The slow clock remains the exception. Even in the 500-asset design, ω, Wω, and the

second crossing h2 have wide bands, and only 68% of replications detect both crossings.

Figure A3 shows where that uncertainty accumulates. The simulation supports the paper’s

empirical hierarchy: fast and medium components can be estimated, whereas the second

crossing remains the hardest feature to estimate.

Independence makes the design favorable because common factors reduce the effective

number of assets in actual panels. The estimator uses a simple equally spaced grid, with-

out efficient cross-asset weighting or overidentification tests. The reported bands quantify

information per effective independent asset; corresponding intervals in the Indian panel will

generally be wider.
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Appendix D. Boundary Diagnostics

In this panel, the fitted rates cannot be separated reliably because the estimates lie on a

constraint boundary. The diagnostics explain why the main text omits individual structural

rates, weights, and the curve-implied cost product.

The three-term fit uses 25,800 normalized instrument–horizon moments for 1,613 list-

ings. Numerical stability requires a minimum ratio between adjacent fitted rates. In the full

sample, at least one rate ratio lands exactly on that boundary; the same is true in every one

of the 60 converged company-cluster bootstrap replications.

At a constraint boundary, the estimate responds to the constraint rather than to in-

terior curvature of the objective. The fit can still reveal the number of components and

the approximate locations of sign changes, but it is locally flat in the direction that would

separate neighboring rates. A bootstrap pinned to the same boundary then understates un-

certainty. The rates and weights are consequently boundary-contaminated, as is any object

constructed from them, including the implied cost product cAψA = σ2
N/(8ν) in Proposi-

tion 6(iii). Their full distributions are reported only in the Internet Appendix, with this

qualification attached.

A short-grid diagnostic reaches the same conclusion from the opposite direction. Re-

stricting the fit to the densely measured fast bands still does not separate the two faster

rates; the objective again stops at the rate-ratio boundary. This is the sample analogue of

Appendix C’s Monte Carlo lesson: one well-measured region cannot time two neighboring

clocks.

The model-free band signs remain intact. The representation diagnoses sign changes,

and Table IV uses cross-sectional band moments insulated from boundary-sensitive rate

estimates. The evidence identifies the component count more reliably than the individual

speeds.

The Internet Appendix reports full bootstrap distributions for boundary rates and

weights, Medhat–Schmeling double sorts, the short-grid separation failure, further subpe-
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Table AII. Subperiod robustness and venue-gap speed. The table reports fitted sign changes
and second-crossing locations by subperiod, together with company-cluster bootstrap evidence and
same-firm BSE–NSE venue-gap persistence. The 2002–2008 window is sparse and has no usable
bootstrap fit. The crossing locations are fitted-representation statistics; the venue-gap half-life is
computed from the pooled daily AR(1) coefficient of the same-firm log-price gap.

Period Sign changes Second crossing Bootstrap two-sign share Gap half-life Median gap ρ
(months) (days)

2002–2008 0 – – 0.41 0.070
2009–2016 2 5.35 90.0% 2.81 0.096
2017–2024 2 14.27 93.3% 1.36 0.069
2002–2024 2 13.13 93.3% 2.40 0.078

riod detail, venue-gap checks, and construction code.
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